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Abstract
In this article we show that the signature of a Lefschetz fibration coming from a special involution
as a product of right-handed Dehn twists depends only on the number of genus on the involution
axis. We investigate the geography of such Lefschetz fibrations and we identify it with a blow up of a
ruled surface. We also get a geography of the Lefschetz fibration coming from a finite order element
of mapping class group as a composition of two special involutions.
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1. Introduction
The study of symplectic topology in dimension four is closely related to the study of
Lefschetz fibration over S2 which is determined by monodromy factorization. A relation
in the mapping class group as a product of right-handed Dehn twists gives a monodromy
factorization of a Lefschetz fibration.
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2g + 10) right-handed Dehn twists when the genus g of the surface is even (resp., odd).
Gurtas [5,6] generalized it and he found an involution φ of a Riemann surface Σg as
a product of g + 3h + 2 right-handed Dehn twists where h is the number of genus on
the involution axis. Gurtas asked whether the signature σ(Xφ2) of the Lefschetz fibration
Xφ2 → S2 is −4(h+ 1). It is known that the signature is −4 for h = 0 case [7] but it is not
known for h 1.
The article is organized as follows. In Section 2, we briefly review a Lefschetz fibration
and a right-handed Dehn twists expression of an involution of type (l,2k, r) (Definition 4)
which was introduced by Gurtas. We show that for a fixed g = l + 2k+ r and h = l + r , all
involutions of type (l,2k, r) are related by a sequence of Hurwitz moves and conjugations.
In Section 3, we get a signature formula for the Lefschetz fibration coming from an
involution of type (l,2k, r). Furthermore we also identify such a Lefschetz fibration.
Theorem 1. Let φ :Σg → Σg be the right-handed Dehn twists expression of an involution
of type (l,2k, r). Let Xφ → D2 be the Lefschetz fibration corresponding to φ and Xφ2 →
S2 be the Lefschetz fibration corresponding to φ2. Then σ(Xφ2) = −4(h+1) and σ(Xφ) =
−2(h+ 1). Furthermore, Xφ2 is diffeomorphic to (Σk × S2)#4(l + r + 1)CP2.
In Section 4, we study a signature formula of a Lefschetz fibration over S2 coming
from a finite order element of a mapping class group as a composition of two involutions.
As an application, we study a p-fold cyclic covering πp :Σp(g−1)+1 → Σg of the Rie-
mann surface Σg and a right-handed Dehn twists expression ψp of the 2πp rotation map on
Σp(g−1)+1 which sends the ith handle to the (i+1)st handle of Σp(g−1)+1. When p is odd,
ψp is a composition of two involutions of type (g, (p− 1)(g− 1),0). If p is even, then ψp
is a composition of an involution of type (g, (p − 2)(g − 1), (g − 1)) and an involution of
type (1,p(g − 1),0).
Theorem 2. The Lefschetz fibration Xψpp → S2 is a simply connected 4-manifold which
has the following topological invariants:
c21(Xψpp ) = 4p(p − 2)(g − 1) and χh(Xψpp ) =
1
8
{
c21(Xψpp )+ 4p(g + 1)
}
.
2. Preliminaries
Definition 3. Let X be a compact, oriented smooth 4-manifold. A (smooth) Lefschetz
fibration is a proper smooth map π :X → B where B is a compact connected oriented
surface and π−1(∂B) = ∂X such that
(1) the set of critical points C = {p1,p2, . . . , pn} of π is non-empty and lies in int(X) and
π is injective on C;
(2) about each pi and π(pi), there are local complex coordinate charts agreeing with the
orientations of X and B such that π can be expressed as π(z1, z2) = z2 + z2.1 2
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intersection −1.
Let Σg be a Riemann surface of genus g. For any simple closed curve c on Σg , tc is
the right-handed Dehn twist along the curve c. Let φ :Σg → Σg be an orientation pre-
serving diffeomorphism such that φ = tan ◦ · · · ◦ ta2 ◦ ta1 for some simple closed curves
a1, a2, . . . , an on Σg . Then we can construct a Lefschetz fibration Xφ over D2 with
boundary (Σg × [0,1])/(x,1)∼(φ(x),0) by attaching n 2-handles along ai with framing −1
corresponding to the surface framing, i.e.
Xφ =
{{· · ·{{Σg ×D2}∪a1 (D2 ×D2)} · · ·}∪an (D2 ×D2)}.
Moreover if we have tan ◦ tan−1 ◦ · · · ◦ ta2 ◦ ta1 = id, then we can construct a Lefschetz
fibration Xφ ∪id (Σg × D2) over S2 with generic fiber Σg and n singular fibers. The
simple closed curve ai , i = 1,2, . . . , n, is called vanishing cycle and the orientation pre-
serving diffeomorphism tan ◦ tan−1 ◦ · · · ◦ ta2 ◦ ta1 is called monodromy factorization of
the Lefschetz fibration. For a given Lefschetz fibration π :X → B , monodromy factoriza-
tion is not uniquely determined. Let us define ta(tb) = tta(b) which is ta ◦ tb ◦ t−1a as a
map. If φ is a monodromy factorization of a Lefschetz fibration, then its conjugation g(φ)
by using an orientation preserving diffeomorphism g :Σg → Σg is also a monodromy
factorization of the Lefschetz fibration. If two monodromy factorization φ1 and φ2 are re-
lated by a sequence of the following two Hurwitz moves tai+1 ◦ tai ↔ tai+1(tai ) ◦ tai+1 and
tai+1 ◦ tai ↔ tai ◦ t−1ai (tai+1), then φ1 and φ2 give the isomorphic Lefschetz fibration. We call
φ1 is Hurwitz equivalent to φ2 or φ1 ∼ φ2 if φ1 can be changed to φ2 by a finite sequence
of Hurwitz moves or conjugations.
Let Xφ1 → S2 and Xφ2 → S2 be two Lefschetz fibrations with monodromy factor-
ization φi :F → F as a product of right-handed Dehn twists. The fiber sum Xφ1#f Xφ2
is defined by (Xφ1 − int(F × D2)) ∪g (Xφ2 − int(F × D2)) where g : ∂(Xφ2 − int(F ×
D2)) → ∂(Xφ1 − int(F × D2)) is a fiber preserving and orientation reversing diffeomor-
phism. The Euler characteristic of a Lefschetz fibration Xφi → S2 with generic fiber F
is given by χ(Xφ1) = 2χ(F ) + n, where n is the number of vanishing cycles in φi , and
χ(Xφ1 #f Xφ2) = χ(Xφ1)+ χ(Xφ2)− 2χ(F ).
The Lefschetz fibration Xφ corresponding to a monodromy factorization as a product
of right-handed Dehn twists is a symplectic 4-manifold and so it has an almost complex
structure. Let us define c21(Xφ) = 3σ(Xφ)+ 2χ(Xφ) and χh(Xφ) = 14 (σ (Xφ)+ χ(Xφ)).
From now on we introduce the involution and its right-handed Dehn twists expression
which was studied by Gurtas in [5,6].
Definition 4. Let Σg be a Riemann surface of genus g. An orientation preserving diffeo-
morphism φ :Σg → Σg of Σg = L∪M∪R is called an involution of type (l,2k, r) if it is
a π rotation along the axis as in Fig. 1 where l = genus(L) 0, 2k = genus(M) 0 and
r = genus(R) 0 as in Fig. 2. Note that g = l + 2k + r and the number of genus on the
involution axis is h = l + r . Let L = tc1 ◦ tc2 ◦ · · · ◦ tc2l , R = tc2(l+r)+1 ◦ tc2(l+r) ◦ · · · ◦ tc2(l+1)
and M = tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ tc2l+1 by using the simple closed curves in Fig. 2 and let L′,
R′ be the reversed word of L, R, respectively.
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Fig. 2. Surface decomposition and its vanishing cycles: (a) L, (b)R, (c)M, (d)M∩R, L∩M.
Theorem 5. [5] The orientation preserving diffeomorphism φ = (R′ ◦ R) ◦ (L′ ◦ L) ◦ M
defined on Σg as a product of right-handed Dehn twists is an involution of type (l,2k, r).
Proof. The four boundary circles of M are fixed by the map M but if we consider the
influence of M on L or R, then its role is the same as td1 ◦ td2 to R and td3 ◦ td4 to L.
The hyperelliptic involution on R which gives a π rotation to R is the positive word
R′ ◦ R ◦ td1 ◦ td2 . Similarly the hyperelliptic involution on L is given by L′ ◦ L ◦ td3 ◦ td4 .
Therefore what we need to do to get the involution of type (l,2k, r) is that first we apply
M which gives π rotation toM⊂ Σg while fixing ∂M and then apply the map (R′ ◦R) ◦
(L′ ◦L) which gives π rotation to L and R. 
Remark 6.
(1) Sometimes we call the right-handed Dehn twists expression in Theorem 5 as the invo-
lution of type (l,2k, r).
(2) The right-handed Dehn twists expression of φ which appears in [5] is Hurwitz equiv-
alent to the expression in Theorem 5.
(3) The right-handed Dehn twist expression of φ which appears in [6] is an easy modifi-
cation of Theorem 5. Therefore we can apply most statements appeared in this article
including signature formula and topological invariants to the case.
1998 K.-H. Yun / Topology and its Applications 153 (2006) 1994–2012Corollary 7. Let φ :Σg → Σg be the right-handed Dehn twists expression of the involution
of type (l,2k, r) and h = l + r . Then φ2 is Hurwitz equivalent to {t2h+1 ◦ t2h ◦ · · · ◦ t2 ◦ t2 ◦
t3 ◦· · ·◦ t2h+1 ◦ tB0,0 ◦ tB0,1 ◦· · ·◦ tB0,2k ◦ tc0,1}2 where ti = tci , c0,1 = (t2h+1 ◦ t2h ◦· · ·◦ t2)(c1)
and B0,i = (R ◦L)(Bi) for each i = 0,1,2, . . . ,2k.
Proof. By Theorem 5,
φ = (R′ ◦R) ◦ (L′ ◦L) ◦ (tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ t2l+1),
where R = t2h+1 ◦ t2h ◦ · · · ◦ t2l+2 and L = t1 ◦ t2 ◦ · · · ◦ t2l . Then
φ2 ∼ {(R′ ◦R) ◦ (L′ ◦L) ◦ (tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ t2l+1)}2
∼ {(R′ ◦L′) ◦ (R ◦L) ◦ (tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ t2l+1)}2
∼ {(R′ ◦L′) ◦ (tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k ◦ (R ◦L) ◦ t2l+1)}2
∼ {(L ◦ t2l+1 ◦R′) ◦L′ ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k ◦R}2
because R ◦L′ = L′ ◦R, Hurwitz moves and cyclic permutations of φ2.
We observe that θ1 := L ◦ t2l+1 ◦ R′ = t1 ◦ t2 ◦ · · · ◦ t2h+1 and θ1(ci) = ci+1 for
i = 1,2, . . . ,2h. Therefore we have
φ2 ∼ {(L ◦ t2l+1 ◦R′) ◦L′ ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k ◦R}2
∼ {t2l+1 ◦ t2l ◦ · · · ◦ t2 ◦ θ1 ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k ◦R}2
∼ {R ◦ t2l+1 ◦ t2l ◦ · · · ◦ t2 ◦ θ1 ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k}2
∼ {t2h+1 ◦ · · · ◦ t2 ◦ t1 ◦ t2 ◦ t3 ◦ · · · ◦ t2h+1 ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k}2
∼ {tc0,1 ◦ t2h+1 ◦ · · · ◦ t3 ◦ t22 ◦ t3 ◦ · · · ◦ t2h+1 ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k}2
∼ {t2h+1 ◦ · · · ◦ t3 ◦ t22 ◦ t3 ◦ · · · ◦ t2h+1 ◦ tB0,0 ◦ tB0,1 ◦ · · · ◦ tB0,2k ◦ tc0,1}2
by Hurwitz moves and cyclic permutations. 
Remark 8. For a fixed g = l + 2k + r and h = l + r with different l and r , the right-
handed Dehn twists expression of the involution of type (l,2k, r) looks pretty different.
But Corollary 7 implies that if φ1 and φ2 are any two involution of type (l,2k, r) with the
same g and h, then the two Lefschetz fibrations Xφ21 → S
2 and Xφ22 → S
2 are isomorphic.
3. A Lefschetz fibration coming from an involution
We first collect some well-known results in signature computation of Lefschetz fibra-
tion. The proof may be found in the corresponding references.
Theorem 9. [2] Let X be a four manifold that admits a hyperelliptic Lefschetz fibration of
genus g over S2. Let m and s =∑[g/2]h=0 sh be the numbers of non-separating and separating
vanishing cycles in the monodromy factorization of this fibration, respectively, where sh
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two surfaces one of which has genus h. Then the signature of X is
σ(X) = − g + 1
2g + 1m+
[g/2]∑
h=1
(
4h(g − h)
2g + 1 − 1
)
sh.
Definition 10. Let X be the genus g Lefschetz fibration over D2 with monodromy factor-
ization φ and let X′ be the 4-manifold obtained from X by attaching a 2-handle along a
simple closed curve γ on Σg ×{pt} ⊂ ∂X. We define σ(φ, γ ) = σ(X′)−σ(X). Generally,
let φ = tan ◦ tan−1 ◦ · · · ◦ ta1 and let ψi = tai ◦ ψi−1 and ψ0 = ψ . Then σ(ψ,φ) is defined
by σ(ψ,φ) =∑ni=1 σ(ψi−1, ai).
Theorem 11. [9] Let X be a 4-manifold which admits a genus g Lefschetz fibration over
D2 or S2 and let φ = tan ◦ tan−1 ◦· · ·◦ ta2 ◦ ta1 be a monodromy factorization of the fibration.
Let φ0 = id and φi = tai ◦ tai−1 ◦ · · · ◦ ta2 ◦ ta1 . Then σ(X) = σ(id, φ) =
∑n
i=1 σ(φi−1, ai).
Proposition 12. Let φi = tci,ni ◦ tci,ni−1 ◦· · ·◦ tci,2 ◦ tci,1 be an involution of Σg and f :Σg →
Σg be a diffeomorphism such that f (φ2) ◦ φ1 = id where f (φ2) = tf (c2,n2 ) ◦ tf (c2,n2−1) ◦
· · · ◦ tf (c2,2) ◦ tf (c2,1). Let Xφi → D2 and Xf(φ2)◦φ1 → S2 be the corresponding Lefschetz
fibrations. Then the signature satisfies
σ(Xf (φ2)◦φ1) = σ(Xφ1)+ σ(Xφ2).
Proof. Let us consider the Lefschetz fibration π :Xf(φ2)◦φ1 → S2. Let D1 be a closed
disk which contains n1 critical values corresponding to the vanishing cycles c1,j , j = 1,
2, . . . , n1, in its interior and no other critical values on D1. Then π−1(D1) = Xφ1 and
π−1(S2 − int(D1)) = Xf(φ2). Since f (φ2)−1 = φ1, we have Xf(φ2)◦φ1 = Xφ1 ∪∂Xφ1
Xf(φ2). Now we apply the Novikov additivity of signature, we get
σ(Xf (φ2)◦φ1) = σ(Xφ1)+ σ(Xf (φ2)).
Since φ2 and f (φ2) give equivalent Lefschetz fibration, we have σ(Xφ2) = σ(Xf (φ2)).
Therefore we get the conclusion. 
Now we will prove the signature formula σ(Xφ2) = −4(h+1) of the Lefschetz fibration
Xφ2 → S2 where φ is the involution of type (l,2k, r). We decompose the Riemann surface
Σg by M ∪ S where S = L ∪R and decompose the positive word φ by φLR ◦ M where
φLR = (R′ ◦R) ◦ (L′ ◦L). From this we observe that all vanishing cycles of M are located
onM and all vanishing cycles of φLR are located on S .
Definition 13. Let D be a sphere with 4 punctures and let D = ty ◦ tc2l+1 as in Fig. 3.
By replacing M by D and by replacing the word M by D, we get a new Riemann
surface Σ˜ of genus h = g − 2k and a right-handed Dehn twists expression φ˜ = φLR ◦D of
an involution on Σ˜ .
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Fig. 4.
Fig. 5. Standard homotopy generators for L,R andM.
Proposition 14. For any vanishing cycle γ appears in L or R, M(γ ) = D(γ ).
Proof. If γ is neither the simple closed curve c2l nor c2(l+1), then M(γ ) = γ = D(γ )
because γ is disjoint from all vanishing cycles in M and in D.
If γ is either the simple closed curve c2l or c2(l+1), then M(γ ) = D(γ ) as in Fig. 4. 
Remark 15. Let Σrg,n be a genus-g surface with n marked points and r boundary compo-
nents. Let Γ rg,n be the mapping class group of Σrg,n. Let us consider the oriented generators
of π1(Σ42k) as in Fig. 5. Then each vanishing cycles in Fig. 2(c) can be written as
B0 = β1,1β1,2 · · ·β1,2kd1d−14 ,
B2i−1 = α1,iβ1,iβ1,i+1 · · ·β1,2k+1−iγ1,2k+1−iα1,2k+1−i , 1 i  k,
B2i = α1,iβ1,i+1β1,i+2 · · ·β1,2k−iγ1,2k−iα1,2k+1−i , 1 i  k − 1,
B2k = α1,kγ1,kα1,k+1,
γi = [α1,1, β1,1][α1,2, β1,2] · · · [α1,i , β1,i]d3d−1.1
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was studied by Korkmaz [7].
We also notice that d1d2 and d3d4 bound a surface in Σg . Therefore in the homology
level, d1 + d2 = 0 and d3 + d4 = 0.
Now we will check that the signature contribution σ(id,M) of M on the Lefschetz
fibration Xφ → D2 is the same as the signature contribution σ(id,D) of D on the Lefschetz
fibration Xφ˜ → D2. We consider the three cases (1) l + r = 0, (2) (l = 0 and r  1) or
(r = 0 and l  1), (3) l  1 and r  1 separately.
Proposition 16. For the l + r = 0 case, σ(id,M) = −2 = σ(id,D)
Proof. From the construction, M is an element of hyperelliptic mapping class group with
(2k + 1) non-separating vanishing cycles and 1 separating vanishing cycle and M2 = id.
Therefore
σ(id,M) = σ(XM) = 12σ(XM2)
= 1
2
{
−2k + 1
4k + 1
(
2(2k + 1))+(4 · k · (2k − k)
4k + 1 − 1
)
· 2
}
= −2
by the Endo’s formula and Proposition 12.
Since D is a product of two separating vanishing cycles, σ(id,D) = −2. 
Proposition 17. For the l  1 and r  1 case, σ(id,M) = 0 = σ(id,D).
Proof. Let e1 = c2l and e2 = c2(l+1) which are located partially on M with orientation
such that e1 · Bi = +1 and e2 · Bi = +1 for all i = 1,2, . . . ,2k by using the orientation of
Bi given in Remark 15.
We will define ψj by ψ0 = id, ψ1 = tc2l+1 and ψi = tB2k+2−i ◦ tB2k+3−i ◦ · · · ◦ tB2k ◦ tc2l+1
for i = 2,3, . . . ,2k + 2. Then σ(id,M) = σ(id, c2l+1) +∑2k+2i=2 σ(ψi−1,B2k−i+2). Now
we will compute it by using Ozbagci’s algorithm [9].
• σ(id, c2l+1) = 0 because c2l+1 is a non-separating vanishing cycle.
• σ(ψi−1,B2k−i+2) = 0 for i = 2,4, . . . ,2k because i∗([l′]) = B2k−i+2 and i∗([m′]) =
β1,k−i+2 −ψi−1(β1,k−i+2) = β1,k−i+2 − β1,k−i+2 = 0.
• σ(ψi−1,B2k−i+2) = 0 for i = 3,5, . . . ,2k + 1 because i∗([l′]) = B2k−i+2 and
i∗([m′]) = ψi−1(α1,k−i+2)− α1,k−i+2 = α1,k−i+2 − α1,k−i+2 = 0.
Now we want to check that σ(ψ2k+1,B0) = 0. We have i∗([l′]) = B0 and i∗([m′]) =
e1 − ψ2k+1(e1) = B0 + d4 − d3 or i∗([m′]) = e2 − ψ2k+1(e2) = B0 − d1 + d2. From the
following homology relations, α1,i = ψ2k+1(α1,i ) = α1,i − (B1 + B2 + · · · + B2i−1) for
i = 1,2, . . . , k and β1,i = ψ2k+1(β1,i ) = β1,i + (B1 + B2 + · · · + B2i ) for i = 1,2, . . . , k,
we get Bi = 0 for all i = 1,2, . . . ,2k in H1(∂Xψ2k+1 − int(ν(B0));R). From Remark 15
we also have the following homology relations:
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for 1 i  k − 1,
B2i−1 = α1,i + (β1,i + β1,i+1 + · · · + β1,2k−i+1)+ γ1,2k−i+1 + α1,2k−i+1
for 1 i  k,
B2k = α1,k + γ1,k + α1,k+1.
From these we have
0 = B2i−1 −B2i = β1,i + β1,2k−i+1 + γ1,2k−i+1 − γ1,2k−i
= β1,i + β1,2k−i+1 because γ1,2k−i+1 − γ1,2k−i bounds a surface
for all i = 1,2, . . . , k. Therefore β := β1,1 + β1,2 + · · · + β1,2k = 0.
Since d1 + d2 = 0 , d3 + d4 = 0 (Remark 15) and the two expressions of i∗([m′]) give
d1 + d4 = d2 + d3 , we have d1 = −d2 = d3 = −d4.
From Fig. 6, we have
i∗
([m′])= B0 + d4 − d3 = (β − d4 + d1)+ d4 − d3 = d1 − d3 = 0
and so σ(ψ2k+1,B0) = 0. Therefore σ(id,M) = 0.
Now we will check that σ(id,D) = 0. Since c2l+1 is a non-separating vanishing cycle,
σ(id, c2l+1) = 0. Let e1 and e2 be the same as before, then
i∗
([m′])= tc2l+1(e1)− e1 = (e1 + c2l+1)− e1 = c2l+1
= tc2l+1(e2)− e2 = (e2 − c2l+1)− e2 = −c2l+1.
Therefore i∗([m′]) = 0 and so σ(tc2l+1, y) = 0. From this σ(id,D) = 0. 
Fig. 6. (a) ψ2k+1(c2l ), (b) ψ2k+1(c2(l+1)), (c) β := β1β2 · · ·β2k , (d) B0, (e) e1 −ψ2k+1(e1), (f) e2 −ψ2k+1(e2).
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σ(id,D).
Proof. We will consider the case when the two boundary circles d1 and d2 of Fig. 5 are
capped off by two disks. The other case is the same.
We will use the same notation as in Proposition 17. The only difference from Propo-
sition 17 is the computation of σ(ψ2k+1,B0). From i∗([l′]) = B0 = β − d4 = −d4 and
i∗([m′]) = e1 − ψ2k+1(e1) = β − d3 = −d3, we have i∗([l′] + [m′]) = −(d3 + d4) = 0
because it bounds a surface. Therefore σ(ψ2k+1,B0) = −1 and σ(id,M) = −1.
For a proof of σ(id,D) = −1, we need to check that σ(tc2l+1, y) = −1. Since i∗([l′]) =
y = −d4 and i∗([m′]) = e1 − tc2l+1(e1) = d4, we have i∗([l′]+ [m′]) = 0 and σ(tc2l+1, y) =−1. So σ(id,D) = −1. 
Proposition 19. Let ψ be one of L′ ◦L or R′ ◦R. Then σ(M,ψ) = σ(D,ψ).
Proof. It is based on the Ozbagci’s result in [9], especially Theorem 4 and Proposition 5.
The signature σ(ψ,γ ) is determined by i∗([l′]) = γ , i∗([m′]) = e−ψ(e)e·γ and the ratio of [l′]
and [m′] in the ker{i∗ :H1(∂ν(γ );R) → H1(∂Xψ − int(ν(γ ));R)}.
Proposition 14 implies M|L = D|L and M|R = D|R. For each vanishing cycle γ in ψ ,
we can select a simple closed curve e on L orR such that e ·γ = 1. By using this e, i∗([l′])
and i∗([m′]) in the computation of σ(M,ψ) have to be the same as i∗([l′]) and i∗([m′]) in
the computation of σ(D,ψ). Therefore σ(M,ψ) = σ(D,ψ). 
Theorem 20. Let φ :Σg → Σg be the right-handed Dehn twists expression of involution of
type (l,2k, r). Let Xφ → D2 be the Lefschetz fibration corresponding to φ and Xφ2 → S2
be the Lefschetz fibration corresponding to φ2. Then σ(Xφ2) = −4(h + 1) and σ(Xφ) =
−2(h+ 1).
Proof. Let φ = (R′ ◦R)◦(L′ ◦L)◦M be an orientation preserving diffeomorphism defined
on Σg and let Σ˜ be the Riemann surface obtained by replacing M by D and let φ˜ =
(R′ ◦R) ◦ (L′ ◦L) ◦D be an orientation preserving diffeomorphism defined on Σ˜ .
Then from Propositions 16–19, we get
σ(Xφ) = σ(id,M)+ σ(M,φLR) = σ(id,D)+ σ(D,φLR) = σ(Xφ˜),
where φLR = (R′ ◦ R) ◦ (L′ ◦ L). Now we will consider Xφ˜ . There are 4l non-separating
vanishing cycles on L, 4r nonseparating vanishing cycles on R and 2 non-separating van-
ishing cycles on D. Therefore φ˜ is a product of 4(l + r) + 2 = 4h + 2 non-separating
vanishing cycles and φ˜ is an element of hyperelliptic mapping class group and φ˜2 = id. So
we have the signature
σ(Xφ˜2) = −
h+ 1
2h+ 1 ·
{
2(4h+ 2)}= −4(h+ 1)
by using Theorem 9. Therefore by Proposition 12,
σ(Xφ) = σ(Xφ˜) =
1
2
σ(Xφ˜2) = −2(h+ 1)
and σ(Xφ2) = 2σ(Xφ) = −4(h+ 1). 
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Corollary 21. [7] Let us consider the positive word
θ = tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ tb′1,2k+1 ◦ t2a ◦ t2b
by using the vanishing cycles in Fig. 7. Then σ(Xθ2) = −8.
Proof. If we prove that θ is an involution of type (1,2k,0), then by Theorem 20 we easily
prove that σ(Xθ2) = −4(1 + 1) = −8.
Let Bj be the standard vanishing cycle in Fig. 2, then it is clear that (ta ◦ tc)(Bj ) = b′1,j
for each j = 0,1, . . . ,2k and b′1,2k+1 = (ta ◦ tb)(c). We also note that if a · b = ±1, then
ta ◦ tb ◦ ta ∼ ta ◦ tb(ta) ◦ tb
∼ (ta ◦ tb)(ta) ◦ ta ◦ tb ∼ tta◦tb(a) ◦ ta ◦ tb ∼ tb ◦ ta ◦ tb.
Therefore
θ ∼ tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ tb′1,2k+1 ◦ t2a ◦ t2b
∼ tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ (ta ◦ tb)(tc) ◦ ta ◦ tb ◦ ta ◦ tb
∼ tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ ta ◦ tb ◦ tc ◦ ta ◦ tb
∼ tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ ta ◦ (tb ◦ tc ◦ tb) ◦ ta
∼ tb′1,0 ◦ tb′1,1 ◦ · · · ◦ tb′1,2k ◦ ta ◦ (tc ◦ tb ◦ tc) ◦ ta, because b · c = ±1
∼ tta◦tc(B0) ◦ tta◦tc(B1) ◦ · · · ◦ tta◦tc(B2k) ◦ ta ◦ tc ◦ tb ◦ tc ◦ ta
∼ ta ◦ tc ◦ tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ tb ◦ tc ◦ ta
∼ ta ◦ tc ◦ ta(ta(tc)) ◦ ta ◦ tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ tb, see Proposition 14
∼ ta(tc) ◦ t2a ◦ ta(tc) ◦ tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ tb
∼ ta
(
tc ◦ t2a ◦ tc ◦ tB0 ◦ tB1 ◦ · · · ◦ tB2k ◦ tb
)
which is a conjugation of the involution of type (1,2k,0). 
Now we investigate topological invariants and geography of Lefschetz fibrations Xφ2 →
S2 where φ is an involution of type (l,2k, r).
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the corresponding Lefschetz fibration. Then b1(Xφ2) = 2k, c21(Xφ2) = −4(g − 1) and
χh(Xφ2) =
1
8
c21(Xφ2)+
1
2
(h+ 1).
Proof. Since φ is an involution of type (l,2k, r), φ is a product of 4l + 4r + 2k + 2 =
4h + 2k + 2 = g + 3h + 2 right-handed Dehn twists. Therefore χ(Xφ2) = 2(2 − 2g) +
2(g + 3h+ 2) = 8 − 2g + 6h and σ(Xφ2) = −4(h+ 1) by Theorem 20. From this we get
c21(Xφ2) = 2χ(Xφ2)+ 3σ(Xφ2) = −4(g − 1)
and
χh(Xφ2) =
1
4
(
χ(Xφ2)+ σ(Xφ2)
)= 1
8
c21(Xφ2)+
1
2
(h + 1).
Now we will prove that b1(Xφ2) = 2k. Let N be the normal subgroup of π1(Σg) gen-
erated by all vanishing cycles of φ, then π1(Xφ2) = π1(Σg)/N . We will use the homotopy
basis as in Fig. 5 and we consider L,M and R separately. On L,
c1 = α1 = α′1,
c2i = βi for i = 1,2, . . . , l,
c2i+1 = αiα−1i+1 = α′iα′−1i+1 for i = 1,2, . . . , l − 1.
On R,
c2(l+r)+1 = αh = α′h,
c2(l+r)−2(i−1) = βh−i+1 for i = 1,2, . . . , r,
c2(l+r)−(2i−1) = αh−iα−1h−i+1 = α′h−iα′−1h−i+1 for i = 1,2, . . . , r − 1.
OnM,
c2l+1 = α′lα′−1l+1
k∏
j=1
[β1,j , α1,j ] = αlα−1l+1
k∏
j=1
[α1,k+j , β1,k+j ] = γ−11,k ,
B2k = α1,2kγ1,2kα1,2k+1,
B0 = β1,1β1,2 · · ·β1,2ki α−1l α′−1l+1,
B2j−1 = α1,j β1,j β1,j+1 · · ·β1,2k+1−j γ1,2k+1−j α1,2k+1−j , 1 j  k,
B2j = α1,j β1,j+1β1,j+2 · · ·β1,2k−j γ1,2k−j α1,2k+1−j , 1 j  k − 1.
Note that γ1,j = γ1,k = 0 in the homology level for each j . From these, we get the follow-
ing homology relations:
α1 = α2 = · · · = αh = 0,
α′1 = α′2 = · · · = α′h = 0,
β1 = β2 = · · · = βh = 0,
β1,j + β1,2k+1−j = 0 for j = 1,2, . . . , k,
α1,j + α1,2k+1−j = 0 for j = 1,2, . . . , k.
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b1(Xφ2) = 2k. 
Remark 23. Let φ :Σg → Σg be an involution of type (l,2k, r). If g > 0 and g is an odd
number, then
1
8
c21(Xφ2)+ 1 χh(Xφ2) 1.
If g > 0 and g is an even number, then
1
8
c21(Xφ2)+
1
2
 χh(Xφ2) 1.
Remark 24. From Proposition 22, b1 = 2k = g − h. Since
χ(Xφ2) = 2 − 2b1 + b2 = 2 − 2(g − h)+ b2
= 8 − 2g + 6h,
we have b2(Xφ2) = 4h+ 6. Therefore
b+(Xφ2) =
b2 + σ
2
= 1 and b−(Xφ2) =
b2 − σ
2
= 4h+ 5.
Definition 25. [3] M(h,k) be the desingularization of double cover of Σk × S2 branched
over (Σk ×{q1, q2})∪ ({p1,p2, . . . , p2h}×S2) where {q1, q2} ⊂ S2 and {p1,p2, . . . , p2h}
⊂ Σk .
Proposition 26. [3,4] M(h,k) is diffeomorphic to (Σk × S2)# 4hCP2.
Theorem 27. Let φ :Σg → Σg be the right-handed Dehn twists expression of the involu-
tion of type (l,2k, r) and let Xφ2 → S2 be the corresponding Lefschetz fibration. Then Xφ2
is diffeomorphic to (Σk × S2)# 4(l + r + 1)CP2.
Proof. By Corollary 7 it is enough to consider the involution φ of type (h,2k,0) and we
will check that φ2 is a monodromy factorization of a Lefschetz fibration M(h+1, k) → S2
with generic fiber Σh+2k .
Let M ′(1, k) be the double cover of Σk × S2 branched over (Σk × {q1, q2}) ∪
({p′2h+1,p2h+2} × S2) ⊂ Σh × S2 and let M ′(h + 1,0) be the double cover of S2 × S2
branched over (S2 × {q1, q2}) ∪ ({p1,p2, . . . , p2h+1,p′2(h+1)} × S2). Let ν be the dou-
ble cover of D2 × S2 branched over (D2 × {q1, q2}) ∪ ({p′2h+1} × S2) or branched over
(D2 × {q1, q2})∪ ({p′2(h+1)} × S2) as in the shaded part of Fig. 8(a), (b). Then we get
M ′(h + 1, k) = (M ′(1, k)− int(ν))∪ (M ′(h+ 1,0)− int(ν))
which is a double cover of Σk × S2 branched over(
Σk × {q1, q2}
)∪ ({p1,p2, . . . , p2(h+1)} × S2)⊂ Σk × S2
K.-H. Yun / Topology and its Applications 153 (2006) 1994–2012 2007Fig. 8. Branch set.
as in Fig. 8(c). We consider it as a fibration over S2 and first resolve (p2h+1, q1)
and (p2h+1, q2) which gives a component of 2[Σk] + [S2]. After that we resolve
(p2h+2, qi) which gives local monodromy M by [8,10] and then we resolve (p2h, qi),
(p2h−1, qi), . . . , (p1, qi) which gives t2h ◦ t2h−1 ◦ · · · ◦ t1 ◦ t1 ◦ t2 ◦ · · · ◦ t2h on the local
monodromy of the singular fiber [1]. Therefore each singular fiber gives local monodromy
φ and M(h + 1, k) → S2 considered as a Lefschetz fibration with generic fiber Σh+2k has
monodromy factorization φ2. Therefore Xφ2 is diffeomorphic to M(h + 1, k). 
Remark 28. There is a known proof of Theorem 27 for k  2 given by Stipsicz [10].
If X is a symplectic 4-manifold with b+(X) = 1 then X is diffeomorphic to a blow up
of a ruled surface or b1(X) ∈ {0,2}. If φ is an involution of type (h,2k,0) with k  2,
then Xφ2 is a symplectic 4-manifold with b1  4 and b+ = 1. Therefore it is of the form
(Σm × S2)#nCP2 and by comparing b1, b+ and b− we get m = k and n = 4(h+ 1).
For k = 0, φ is the standard form of the hyperelliptic involution and it is known to
Matsumoto [8] for h = 0 and k = 1 case.
4. More examples
We first explain how to compute the signature of a Lefschetz fibration Xφp → S2 where
φ is a composition of two involutions such that φp = id.
Proposition 29. Let φ1, φ2 be involutions written as a product of right-handed Dehn twists.
Then (
φ2(φ1) ◦ φ1
)n ◦ φ2(φ1) ∼ fn+1 ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ,
where f0 = φ1, f1 = φ2(φ1) and fi = fi−1(fi−2) for i  2.
Proof. From the construction of fi , each fi is a conjugation of φ1 and so fi ◦ fi = id for
each i. Therefore fi ◦ fi commutes with any other map. Since
(fi+1 ◦ fi)n−i ◦ fi+1 ∼
(
fi+1(fi) ◦ fi+1
)n−i ◦ fi+1
∼ (fi+1(fi) ◦ fi+1)n−(i+1) ◦ fi+1(fi) ◦ fi+1 ◦ fi+1
∼ (fi+2 ◦ fi+1)n−(i+1) ◦ fi+2 ◦ f 2i+1,
we have
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φ2(φ1) ◦ φ1
)n ◦ φ2(φ1) ∼ (f1 ◦ f0)n ◦ f1 = (f2 ◦ f1)n−1 ◦ f2 ◦ f 21
∼ (f3 ◦ f2)n−2 ◦ f3 ◦ f 22 ◦ f 21
∼ · · ·
∼ (fn ◦ fn−1) ◦ fn ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21
∼ fn+1 ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 . 
Theorem 30. Let φ1, φ2 be two involutions of Σg which are written as a positive word and
φ = φ2 ◦ φ1 be an element of mapping class group with finite order p. Let Xφ and Xφp
be the Lefschetz fibration over D2 and over S2, respectively. Then the signature satisfies
σ(Xφp) = p{σ(Xφ1)+ σ(Xφ2)}.
Proof. For p = 1, it is the above Proposition12.
For p = 2: since φ22 = id,
φ2 ∼ φ2 ◦ φ1 ◦ φ2 ◦ φ1 ∼ φ2(φ1) ◦ φ2 ◦ φ2 ◦ φ1 ∼ φ2(φ1) ◦ φ1 ◦ φ2 ◦ φ2
and we have φ2(φ1) ◦ φ1 = id. Therefore by Proposition 12
σ(Xφ2) = σ(Xφ22 #f Xφ2(φ1)◦φ1)
= σ(Xφ22 )+ σ(Xφ2(φ1)◦φ1) = 2
(
σ(Xφ2)+ σ(Xφ1)
)
.
For p = 2n+ 1 ∈ Z3, we have
φ2n+1 ∼ φ2n ◦ φ = {φ2(φ1) ◦ φ2 ◦ φ2 ◦ φ1}n ◦ (φ2 ◦ φ1)
∼ {φ2(φ1) ◦ φ1}n ◦ φ2 ◦ φ1 ◦ (φ2 ◦ φ2)n
∼ {φ2(φ1) ◦ φ1}n ◦ φ2(φ1) ◦ φ2 ◦ (φ2 ◦ φ2)n
∼ fn+1 ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ◦ φ2 ◦ (φ2 ◦ φ2)n
∼ (fn+1 ◦ φ2) ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ◦ (φ2 ◦ φ2)n
by Proposition 29. Since each fi is a conjugation of φ1, f 2i = id and Xfi is isomorphic to
Xφ1 as Lefschetz fibration. Therefore fn+1 ◦ φ2 = id and
Xφp =
{
Xfn+1◦φ2#f Xf 2n #f Xf 2n−1#f · · ·#f Xf 21 #f Xφ22 #f · · ·#f Xφ22︸ ︷︷ ︸
n
}
.
So by Proposition 12
σ(Xφp) = σ(Xfn+1)+ σ(Xφ2)+
n∑
i=1
2σ(Xfi )+ 2nσ(Xφ2)
= (2n+ 1){σ(Xφ1)+ σ(Xφ2)}= p{σ(Xφ1)+ σ(Xφ2)}.
For p = 2n+ 2 ∈ Z3, we have
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∼ (fn+1 ◦ φ2) ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ◦ (φ2 ◦ φ2)n ◦ φ2 ◦ φ1
∼ (fn+1 ◦ φ2 ◦ φ2 ◦ φ1) ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ◦ (φ2 ◦ φ2)n
∼ (fn+1 ◦ φ1) ◦ f 2n ◦ f 2n−1 ◦ · · · ◦ f 22 ◦ f 21 ◦ (φ2 ◦ φ2)n+1
by using the above odd case. Since each fi is a conjugation of φ1, Xfi is isomorphic to
Xφ1 as Lefschetz fibration. Therefore
Xφp =
{
Xfn+1◦φ1#f Xf 2n #f Xf 2n−1#f · · ·#f Xf 21 #f Xφ22 #f · · ·#f Xφ22︸ ︷︷ ︸
n+1
}
and by Proposition 12
σ(Xφp) = σ(Xfn+1)+ σ(Xφ1)+
n∑
i=1
2σ(Xfi )+ (2n+ 2)σ (Xφ2)
= (2n+ 2){σ(Xφ1)+ σ(Xφ2)}= p{σ(Xφ1)+ σ(Xφ2)}. 
From now on, we will consider the p-fold cyclic covering πp : Σp(g−1)+1 → Σg , g  2,
which is obtained by cutting Σg along c2g+1 and attach p copies side by side as in Fig. 9.
The 2π
p
rotation map of Σp(g−1)+1 which sends ith handle to (i+1)st handle can be written
as a composition of two orientation preserving involutions.
Definition 31. Let ψp = φ2 ◦ φ1 be a right-handed Dehn twists expression corresponding
to the 2π
p
rotation map of Σp(g−1)+1 which sends ith handle to (i + 1)st handle where
• φ1 and φ2 are involutions of type (g, (p − 1)(g − 1),0) if p is odd.
• φ1 is an involution of type (g, (p − 2)(g − 1), g − 1) and φ2 is an involution of type
(1,p(g − 1),0) if p is even.
Theorem 32. The Lefschetz fibration Xψpp → S2 is a simply connected 4-manifold which
has the following topological invariants:
c21(Xψpp ) = 4p(p − 2)(g − 1)
and
χh(Xψpp ) =
1
4
(2p2g − 2p2 + 2pg + 10p − 4pg − 4p)
= 1
8
{
c21(Xψpp )+ 4p(g + 1)
}
.
Proof. We observe that
(φ2 ◦ φ1)p = ψp−1p (φ2) ◦ψp−1p (φ1) ◦ · · · ◦ψ2p(φ2) ◦ψ2p(φ1) ◦ψp(φ2) ◦ψp(φ1)
◦ φ2 ◦ φ1.
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Let ci,j be the simple closed curves located on the ith handle as in Fig. 9 and ai,j , bi,j
be the standard homotopy generators. Then ψk−1p (c1,j ) = ck,j for all k = 1,2, . . . , p and
j = 1,2, . . . ,2g + 1. Let N be the normal subgroup generated by all vanishing cycles.
Then c1,j ∈ N for all j = 1,2, . . . ,2g + 1 and
ci,1 = ai,1 ∈ N, ci,2g+1 = ai,g ∈ N,
ci,2j = bi,j ∈ N for j = 1,2, . . . , g,
ci,2j+1 = ai,j · a−1i,j+1 ∈ N for j = 1,2, . . . , g − 1.
So N = π1(Σp(g−1)+1) and π1(Xψpp ) = π1(Σp(g−1)+1)/N = 1. Therefore the Lefschetz
fibration Xψpp is simply connected.
Now we will prove the topological invariants. If p is odd, then ψpp is a product of
2p(4g + (p− 1)(g − 1)+ 2) = 2p(3g +pg −p+ 3) right-handed Dehn twists and if p is
even, then ψpp is a product of p{(4g+4(g−1)+(p−2)(g−1)+2)+(4+p(g−1)+2)} =
2p(3g +pg −p+ 3) right-handed Dehn twists. From this χ(Xψpp ) = 2p(pg −p+ g + 5)
and by Theorems 20 and 30 we have
σ(Xψpp ) =
{
p(−2(g + 1)− 2(g + 1)) = −4p(g + 1) if p is odd,
p(−2((2g − 1)+ 1)− 2(1 + 1)) = −4p(g + 1) if p is even.
Therefore c21(Xψpp ) = 4p(p − 2)(g − 1) and
χh(Xψpp ) =
1
4
(
2p2g − 2p2 + 2pg + 10p − 4pg − 4p)
= 1
8
{
4p(p − 2)(g − 1)+ 4p(g + 1)}
= 1{c21(Xψp)+ 4p(g + 1)}. 8 p
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Corollary 33. Assume all conditions of Theorem 32 and assume p  3, then we have
c21(Xψpp ) =
8(p − 2)
p − 1
(
χh(Xψpp )− p
)
.
Proof. It is clear from the following equations:
χh = 18
{
4p(p − 2)(g − 1)+ 4p(g + 1)}
= 1
8
{
4p(p − 2)(g − 1)+ 4p(p − 2)(g − 1 + 2)
p − 2
}
= 1
8
{
1 + 1
p − 2
}
c21 + p =
(p − 1)
8(p − 2)c
2
1 + p. 
Acknowledgement
The author would like to thank András Stipsicz for useful comments and Jongil Park
for helpful conversations and suggestions.
References
[1] D. Auroux, Fiber sums of genus 2 Lefschetz fibrations, Turkish J. Math. 27 (1) (2003) 1–10.
[2] H. Endo, Meyer’s signature cocycle and hyperelliptic fibrations, Math. Ann. 316 (2) (2000) 237–257.
2012 K.-H. Yun / Topology and its Applications 153 (2006) 1994–2012[3] R. Fintushel, R. Stern, Families of simply connected 4-manifolds with the same Seiberg–Witten invariants,
Topology 43 (6) (2004) 1449–1467.
[4] R. Gompf, A. Stipsicz, 4-Manifolds and Kirby Calculus, Graduate Studies in Mathematics, vol. 20, Ameri-
can Mathematical Society, Providence, RI, 1999.
[5] Y. Gurtas, Positive Dehn twist expressions for some new involutions in mapping class group,
math.GT/0404310.
[6] Y. Gurtas, Positive Dehn twist expressions for some new involutions in the mapping class group II,
math.GT/0404311.
[7] M. Korkmaz, Noncomplex smooth 4-manifolds with Lefschetz fibrations, Internat. Math. Res. Notices (3)
(2001) 115–128.
[8] Y. Matsumoto, Lefschetz fibrations of genus two—a topological approach, in: Topology and Teichmüller
Spaces, Katinkulta, 1995, World Sci. Publishing, River Edge, NJ, 1996, pp. 123–148.
[9] B. Ozbagci, Signatures of Lefschetz fibrations, Pacific J. Math. 202 (1) (2002) 99–118.
[10] A. Stipsicz, Singular fibers in Lefschetz fibrations on manifolds with b+2 = 1, Topology Appl. 117 (1) (2002)
9–21.
